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Abstract 

We study partial regularity of suitable weak solutions of the steady Hall mag- 
netohydrodynamics equations in a domain SlcK 3 . In particular we prove that 
the set of possible singularities of the suitable weak solution has Hausdorff di¬ 
mension at most one. Moreover, in the case P = M 3 , we show that the set of 
possible singularities is compact. 

AMS Subject Classification Number: 35Q35, 35Q85,76W05 
keywords: steady Hall-MHD equations, parial regularity 


1 Introduction 

The resistive incompressible Hall magnetohydrodynamics(Hall-MHD) is described by 
he following equations: 

f 

——b u ■ Vu + X7p = (V x B) x B + vAu + /, 
at 

dB 

< — -V x (it x B) + V x ((V x B) x B) = pAB + V x g, 

Ui 

V • u — 0, V • B — 0, 

where 3D vector fields u = u(x,t),B = B(x,t) are the fluid velocity and the mag¬ 
netic field respectively. The scalar field p = p(x, t ) is the pressure, while the positive 
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constants v and /i represent the viscosity and the magnetic resistivity respectively. 
The given vector fields f and V x g are external forces on the magnetically charged 
fluid flows. Historically, the Hall-MHD system was first considered by Light hill ( [IS] ) - 
Compared with the usual MHD system, the Hall-MHD system contains the extra term 
V x ((V x B) x B), called the Hall term. The inclusion of this term is essential in 
understanding the problem of magnetic reconnection, which corresponds to the change 
of the topology of magnetic field lines. This phenomena of magnetic reconnection is re¬ 
ally observed, for example, in space plasma ( [TUI fT2] h star formation ([22]) and neutron 
starQIUj). For the other physical features related to the Hall-MHD we refer [2U, 21], 
while for a comprehensive review of the physical aspect of the equations we refer H3- 
Since the Hall term involves the second order derivative of the magnetic field, it be¬ 
comes important when the magnetic shear is very large, and this occurs during the 
reconnection procedure. In the laminar flows this term is small compared with the 
other term, and can be neglected, which is the case of the usual MHD. 

Since the Hall term is quadratically nonlinear, containing the second order deriva¬ 
tive, it causes major difficulties in the mathematical study of the Hall-MHD system, 
and only recently the rigorous results on the Cauchy problem appeared. In p] the 
authors proved the global existence of weak solutions, while the local in time well- 
posedness as well as the global in time well-posedness for small initial data was proved 
in p[]. This later result was refined in [5]. In the case of /r = 0 it is proved in [7J 
that the Cauchy problem is not globally in time well-posed, rigorously verifying the 
numerical experiment of |Hj. For a special axially symmetric initial data the authors of 
[9] proved the global well-posedness of the system. In [6] the long time behaviors of the 
solution were also studied. Since the Hall-MHD system has more complicated struc¬ 
ture than the usual MHD system and the Navier-Stokes equations, the study of full 
regularity of weak solutions would be extremely difficult. Therefore, it might be rea¬ 
sonable to begin with the partial regularity, similarly to the case of the Navier-Stokes 
equations, the partial regularity of which was studied e.g. in [T8| :2j E, ISJ [23] . In the 
time-dependent problem, mainly due to the difficulty of defining the correct localized 
energy inequality for a suitable weak solutions we concentrate the partial regularity 
problem of the steady Hall-MHD system. Contrary to the case of the Navier-Stokes 
equations and the usual MHD system the full regularity of the steady weak solutions is 
difficult to deduce. Instead, we prove that the set of possible singularity of the steady 
suitable weak solution of the Hall-MHD system has Hausdorff dimension at most l(see 
Remark 5.2 and Theorem 5.3 below). Moreover, for a steady suitable weak solution 
on M 3 the set of possible singularity is a compact set (see Corollary 7.3 below). The 
partial regularity of the time dependent problem will be studied elsewhere. 
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2 Weak solution and higher regularity of u 


We consider the following steady Hall-MHD system in M 3 . 

(2.1) (u ■ X7)u — A u = —Vp +(VxB)xBf/, 

(2.2) V x (B x u) — A B = —V x ((V x B) x B) + V x g, 

(2.3) Vu = 0, V B = 0. 

We note that we set /i = v = 1 for convenience. As [u ■ \7)u = (V x n) x u + ||w| 2 , 
(12. ip turns into 

/ \u \^ \ 

(2.4) (V x u) x u — A u = —V(p + J + (Vx5)xBf/ in K 3 . 

Applying V x to the both sides of the above, we get 

(2.5) V x (ijl> x u) — Aw = V x ((V x B) x B) + V x / in M 3 , 

where u stands for the vorticity V x u. Taking the sum of (12.21) and (12.5[) . we are led 
to 

(2.6) V x ( V x u) — AV = V x (/ + g) in M 3 , 
where 

(2.7) V = B + u. 

As V • V = 0, there exists a solenoidal potential v such that V x v = V. From (12.6[) 
we deduce that v solves the system in M 3 , 


(2.8) V • v = 0, 

(2.9) ( v ■ V)v — Av = —Vn + (V x v) x b + f + g, 
where b = v — u. Clearly, V x b = B. 

Definition 2.1. Let f G L 6 / 5 and g G Lr. We say (n,p, B) G W 1,2 x L 2 oc x W 1,2 is a 
weak solution to 0-(£2D ^ 


Vu : V Lp — u <8) u : X7tpdx 


( 2 . 10 ) 


= j pV ■ c pdx + J ((V x B) x B) ■ ipdx + j f ■ (pdx, 


VB : Vijj + B x«'Vx ipdx 


( 2 . 11 ) 


J ((V x B) x B) ■ V x ipdx + J g -V x cpdx 


for all c p G . Here W 1,2 stands for the homogeneous Sobolev space. 
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Remark 2.2. Since B G W 1,2 <—> L 6 , by the Calderon-Zygmund inequality and 
Sobolev’s embedding theorem we infer b G L“ c . In particular, having V G L 2 oc we 
easily deduce that v G M/'q 2 and n G Lf oc . Furthermore, (v, n) satishes the following 
integral identity for all cp G Cf° 


/ Vr : — v ® v ■. Vtpdx 

R3 


( 2 . 12 ) 


/ 7T V ■ ipdx + 

R3 


((V x v) x b) ■ ipdx + 


(/ + #)■ 


By using standard regularity methods we get the following 

Theorem 2.3. Let f G L 6 / 5 and g G L 2 . Let (u,p,B) G W 1,2 x L 2 oc x IF 1,2 fre a 
weak solution to (12.31) - (12.21) . Suppose, f.gE Lf oc (Q) /or some ~ < q < +oo and for 
an open set C R 3 . Then 

(2.13) VeW^m, ve W^m, U6<f(a), 
where q A 2 = min{g, 2}. 

Proof First, assume | < q < +oo. Since u G L 6 and V € F 2 oc , we see that — V x u + 
/ + <? G (O) . Observing (12.6j) . by the aid of Calderon-Zygmund’s inequality and 

Sobolev’s embedding theorem we find V G 1FJ jc 3 ^ 2 (0) C L 3 oc (0). As u > = V — B, this 
implies u; G Lf oc (f2). Taking into account V • u = 0, we get u G Wq'/ 3 (Q). Once more 
appealing to Sobolev’s embedding therorem, we obtain u G Lf oc (f2) for all 1 < s < +oo, 
and thus —V x u + / + g G Lf oc (fI)- Again applying Calderon-Zygmund’s inequality, 
we see that V G WhfifV). As V • u = 0 from the last statement we infer v G W^f(Lt). 
Finally, recalling u> = V — B and B G IF,)/ 2 (Q), we obtain co G IF 1 3 ’ c ' jA2 (0). 

In case | < q < |, we immediately get — V xw+/+g G L^ oc (h2), and the assertion 
can be proved as in the previous case. ■ 

3 Caccioppoli-type inequality for B 

Suppose /,g G L 2 oc (Q) for some open set O C K 3 . As it has been proved in Section2 
we get u G W /2 ; c 2 (0) if (u,p,B) is a weak solution to the steady Hall-MHD system. 
By means of Sobolev’s embedding theorem this implies u G L^ c (Ll). Accordingly, 
-B xu + g G L'f oc (n). 

Thus, for the sake of generality in the present and next section we study the local 
regularity for the following general model. Let C K 3 be a domain. We consider the 
system 

(3.1) —A B = —V x ((V x B) x B) + V x F in LI. 

We start our discussion with the following notion of a weak solution to (13. ip . 
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Definition 3.1. Let F G Lf oc (Ll). (i) A vector function B G W } l Q ' 2 (O) is said to be a 
weak solution to (EH) if 


(3.2) 


I \7B : \7<pdx = — J (V x B) x B -V x tpdx + j F ■ V x <pdx 


for all sp G C^fl). 

(ii) A weak solution B to (13.11) is called a suitable weak solution to (13. ip if, in 
addition, the following local energy inequality holds: 


(3.3) 


j 4>\VB\ 2 dx 
n 

< i j A(j)\B\ 2 dx - x B) x B ■ (B x V0)dx 

Si SI 

+ J ((j)F ■ V x B + F ■ B x S7cf))dx 


for all non-negative 0 G C“(12). 

Remark 3.2. Let B be a suitable weak solution to (13. ip . Then for every constant 
vector A G M 3 there holds 

J (f>\X7B\ 2 dx 

si 

< i j A(fi\B - A| 2 dx - J(W x B) x B ■ ((B - A) x V0)dx 

si si 

(3.4) +J{(j)F- VxB + F-(B-A) x \7(p}dx 


for all non-negative 0 G C“(f2). This can be readily seen by combining (13.31) and (13.21) 
with Lp = 0A. 

Now, we state the following Caccioppoli-type inequality 

Lemma 3.3. Let F G Lf oc (Q). Let B G be a suitable weak solution to (13.11) . 

Then for every ball B r = B r (x 0 ) CC 12 and 0 < p < r there holds 


- [\VB\ 2 dx 
r J 

B P 

CT ^ f CT ^ f 

— 7 -To (i- + \B r ,xo | 2 ) t |B — B rXQ \ 2 dx + - -r -|B — B rX0 \ 4 dx 

yr-p ) 2 J Br (r- P yj Br 

( 3 - 5 ) + c -\\m Br , 
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where B rjXo stands for the mean value 


Bdx := -—— / Bdx , 

Br meas (B r ) J 

B r [x o) 

and c = const > 0 denotes a universal constant. 

Proof Let B r = B r (x 0 ) CC be a fixed ball. Given p e (0, r), we consider a cut-off 
function ( defined as ( E Cf°(B r ) such that 0 < ( < 1 in R 3 , ( = 1 on B p and 
|VC| 2 + |V 2 C| < c(r — p)~ 2 in R 3 . From (13.41) with <f> = (f 2 and A = B r>Xo we obtain 
the following Caccioppoli-type inequality 


(3.6) 


C\VB\ 2 dx 


B r 


< 


(r - pf 


B — B r , X0 \ 2 dx + c I | F\ 2 dx 


B r 


B r 


H-— [ C|VB| \B\ | B - B rX0 \dx 

r - p J 

B r 


\B — B r . tXo \ 2 dx + c j \F\ 2 dx + J. 


(r - pf 


B r B r 

Applying Holder’s and Young’s inequality, we estimate 


J ~ ( r _ )2 J \ B \ 2 \ B ~ B r,x 0 \ 2 dx + -J ( 2 \VB\ 2 dx 

B r B r 


< ■ v\Br„\ I I-® B r>x ol dx + _ ^2 


(r - p) 2 




-B — Brxgfdx 


B r 


2 J C\VB\ 2 dx. 
B r 


Inserting the above estimate of J into the right-hand side of (j3.6|) . and dividing the 
resulting estimate by r, we are led to 


\VB\ 2 dx 


Bo 


- ( r - P )4 1 + |B ™ |2) / s 

(3.7) 

Whence, the claim. 


CT I 

B - B VtX0 1 dx + — —- + 

B r V ~ P) J B r 


B — B r}X0 \ 4 dx 


+ -\\F\\lBr 
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Remark 3.4. Setting 



Br (#o) 


B B r - X Q | dx 



0 < r < dist(a;o, (90), 


(13. 5p becomes 


1 


/ 



1/2 


(3.8) 


VB\ 2 dx 


r 


b p 

4 Blow-up 

We begin our discussion with the following fundamental estimate for solutions to the 
model problem, which will be used in the blow-up lemma below. 

Lemma 4.1. Let A G M 3 . Let W G L i {Bi) D H / 1 ', ! C 2 (R 1 ) be a weak solution to 
(4.1) -AW = -V x ((V x W) x A) m B u 



(4.2) 


for all $ G W 1 ’ 2 (Bi) with supp(4>) CC B 1 . Then, 

(4.3) (J \W-W BT \ A dx^j ' < C 0 r(l + |A| 3 )(y \W-W Bl \ 4 dx^j ‘ VO < r < 1, 
where C 0 > 0 denotes a universal constant. 

Proof Since the assertion is trivial for | < r < 1, we may assume that 0 < t < |. Let 
C G Cf°(Bi) be a suitable cut-off function for B i/ 2 , i-e. 0 < C < 1 in Bi and ( = 1 on 
B 1 / 2 . In (14.21) inserting the admissible test function $ = ( 2m (W — W Bl ) (m G N), by 
using Cauchy-Schwarz’s inequality along with Young’s inequality we obtain 



(4.4) 


If W is smooth in Bi, since (14.11) is a linear system, the same inequality holds for D a W 
in place of W for any multi-index a. By a standard mollifying argument together with 
Sobolev’s embedding theorem we see that W is smooth. In particular, in (14. 4 p putting 
m — 3 it follows that 


(4.5) 
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By means of Sobolev’s embedding theorem and Jensen’s inequality we get 


(4.6) l|VWiy Bi/1 < c(l + A| 12 ) J \W — W Bl \‘dx. 

Bx 

Applying Poincare’s inequality, we obtain 


(4.7) 



W - W B ,\‘dx < ct 4 \\VW 


4 

oo,B 1/2 - 


Combination of (j4.6|) and (14.7p yields the desired estimate. 


In our discussion below we make use of the notion of the Morrey space. We say 
F G M{£(fi) if for all K CC fl 


i F ] P MP,\K : = SU P 


—A 


\F\ p dx 


Br (#o) 


x 0 G K, 0 < r < dist(/l, df2) > < +oo. 


Lemma 4.2. Let F G Ad^hl) for some 1 < A < 3. For every 0 < r < |,0 < 
M < +oo, K CC hi and 0 < a < there exist positive numbers e 0 = e 0 (t, M, K, a) 
and R 0 = R 0 (r, M, li, a) < dist (K,dLt) such that, if B G Wt x . 2 (Q) is a suitable weak 
solution to m, and for x 0 G K and 0 < R < R 0 the condition 

( 4 . 8 ) \Br jXo \<M, E(R, xq) + R a < Eq 


is fulfilled, then 

(4.9) E(tR,x q) < 2tC 0 (1 + M 3 )(E(R, xf) T R a ), 


where Co > 0 stands for the constant which appears on the right-hand side of (14.31) . 

Proof Assume the assertion of the Lemma is not true. Then there exist 0 < r < |, 0 < 
M < +oo ,K CC hi and 0 < a < AA- together with a sequence B (k) G Wi^ c 2 (0) being 
suitable weak solutions to (13.11) as well as sequences Xk G K, 0 < Rk < dist(/v, dfl) and 
Ek —» 0 as k —> Too such that 

(4.10) < M, E k (Rk, x k ) T R k = £k 

and 


(4.11) E k (rR k ,x k ) > 2 tC 0 (1 T M 3 )(E k (R k , x k ) + R%). 


Here we have used the notation 


E k (r, x 0 ) 




x 0 G K, 0 < r < dist (A', <9fl). 


Note that (14.101) yields R k —» 0 as k —* Too. 











Next, define 


w k (v) = ^(B^(x k + R k y) - B%lj, 

£k 

F k (y) = F(x k + R k y ), y € B^O) 


(fceM). Furthermore, set 


S’k(cr) 



\ 1/4 

(W k ) B Xdy\ , 0 < cr < 1. 


Then (I4.10p and (14.lip turn into 


(4.12) *(1) + ^ = 1, 
and 

(4.13) 4(r) > 2rC 0 (l + M 3 ) U k {l) + ?%-)= 2rC 0 (l + M 3 ) 

\ £ k / 

respectively. 

Using the chain rule, we find that (13.ip transforms into 


-A W k = -e k V x ((V x W k ) xW k )~Vx ((V x W k ) x B^J 
(4.14) + —V x F k in B v . 

£k 

Thus, W k G lU 1,2 (i?i) is a weak solution to (I4.14p . Let 0 < a < 1. Using the 
transformation formula, noticing that | B^ \ < M, the Caccioppoli-type inequality 
(13.8p with r = R k and p = aR k turns into 


/ \ cRT 1 ^ 2 

(4.15) \\VW k \\ 2 , BrT <c(l-a)- l [(l + M)g k (l) + £ k £ k (l) 2 ) +-J^\\F\\ 2)BRk{xk) . 

\ /£ k 

Observing (14.12j) . and verifying 

D 1/2 7Z)(X—1)/2 

(4.16) -L|| F || < -V- [F\ MkKK < flF 1)/2 -“[F] A< «, JC 

£k £k 

from (I4.15p . we get 


(4.17) ||VVr fc || 2 , BCT < c(l - a) X (M + 1) + c[F] M 2 ,\ iK . 


In addition, in view of (14.12jl we estimate 

(4.18) ||WU|| 4 , Bl = (mes5i) 1/4 ^(l) < (mes5i) 1/4 . 


9 




















From (I4.17P and (14.18p it follows that [W u) is bounded in IT 1,2 (Tv) for all 0 < a < 1 
and bounded in L 4 (Bi). Thus, by means of reflexivity, eventually passing to subse¬ 
quences, we get W G L 4 (Bi) n and A G M 3 such that 


(4.19) 

W k 

-> w 

weakly in 

L 4 (5i) as 

k — * +oo, 

(4.20) 

w k 

-T w 

weakly in 

W 1,2 (B a ) 

as fc —* Too VO < cr < 1, 

(4.21) 

zTO 

-> A 

in M 3 as 

k —* +oo. 



On the other hand, by the compactness of the embedding W 1,2 (B a ) L^^B^) from 

(I4.19P we infer 

(4.22) Wk —>■ W strongly in L 4 (B a ) as k —> +cx) V0<cr<l. 


Accordingly, 


(4.23) lim S’kia) — $ (cr) VO < cr < 1, 

fc—>• OO 


where S’(a) = 


\W-W B J 4 dy 


1/4 


In particular, by the aid of (I4.23P (with 


cr = r) from (14.131) we get 

(4.24) S(r) > 2rO 0 (l + M 3 ). 
In view of (14.161) we have 


Rk 

£-k 


R 


- 1/2 


fc||2,Si 


£ k 


I B Rk {x k ) < R k 


(A—1) /2—a 


F] M 2,X,K t 0 


as k —* + 00 . Therefore, with the help of (14. 190 . (14.200 . (I4.2ip and (14.220 . letting 
k —> +oo in (HU, we see that W G kfj 3 ’ c 2 (.E>i) 0 L 4 (Bi) is a weak solution to 

(4.25) -AW = -V x ((V x W) x A) in B 1 . 

As |A| < M appealing to Lemma4.1, we find 

(4.26) S(r) < rC 0 (l + M 3 )S( 1). 


On the other hand, by virtue of the lower semi continuity of the norm together with 
(UUP and (l4~23l) we get 


S(l) < lim inf 

k—>oo 


TDa 

4(1) + ^ 

&k 

*(t) 


< 


2tCo( 1 + M 3 ) fc—roo 


lim S k (r) 


2rC 0 (l + M 3 ) 


Estimating the right of (14.260 by the inequality we have just obtained, we see that 
S(r) < \S{t ) and hence S(t) = 0, which contradicts to (14.241) . Whence, the assump¬ 
tion is not true, and this completes the proof of the Lemma. ■ 
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5 Partial regularity 


The aim of the present section is to prove the partial regularity of a suitable weak 
solution B G to system (13.111 . which will lead to the partial regularity of a 

suitable weak solution to the steady Hall-MHD system. As we will see below, the set 
E (B) of possible singularities is given by means of 


E (B) = \x 0 en 


lim inf - 

r— i-0+ r 


I VBrdx > 0 


B r (x q) 


(5.1) 


U < Xo G Ll 


sup \Br :X0 \ = Too 

r>0 


Theorem 5.1. Let F G for some 1 < A < 3. Let B G W^(Li) be a suitable 

weak solution to the system (13. ip . Then, \ E (B) is an open set, on which B is 
a-Holder continuous with repect to any exponent 0 < a < EPl. 

Proof Let x 0 G 12 \ E (B) (cf. (I5.ip h Set d = dist(x 0 , 9Q), and define K = B d / 2 (x 0 ). 
Using Sobolev Poincare’s inequality, we have 

lim inf -f I B — B rxn \ 4 dx < climinf (— [ iVBPdaA = 0. 

r->0+ J Br{xo) ' ’ r^0+ \T J J 

B r (x o) 


We set 


M := sup \B rxo \ T 3 < Too. 

0<r<d/2 

Take r > 0 such that 

(5.2) 2r 1 -“U 0 (lTM 3 ) < i, r a < i. 

Let e 0 = £ 0 (t, M, K,a) and R 0 = R 0 (r, M, K,a) denote the numbers according to 
Lemma 4.2. Then, we choose 0 < R\ < Ro such that 

(5.3) E(Ri, x 0 ) T 2 Rf < min{£ 0 , ei}, 
where £i > 0 fulfills 

(5.4) 2t -3 £i < 1. 

By the absolutely continuity of the Lebesgue integral there exists 0 < S < | such that 
for all y G B$(x 0 ) 

(5.5) E(y, i?i) T 2 Rf < min{£ 0 , £i}, 

(5.6) \B Rlt y\< sup \B rtXo \ T 1 = M - 2. 

0<r<d/2 
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Fix y e Bs(xo). We claim that for every jeNU {0} there holds 

(5.7) EtfRuy) < 2 ~ j T aj E^y) + (1 - 2 ~ j )r aj Rf 

(5.8) \B T 3 Ruy \ <M -2~ j+1 . 

Clearly, for j = 0, (15.7ft is trivially fulhlled, while (15.8ft holds in view of (15.6ft . 

Now, assume (15.7ft and (15.81) are fulhlled for jeNU {0}. Then (15.7ft along with 
(15.3ft immediately implies 

(5.9) E(T j R l ,y) + T aj R‘j < r aj (E^y) + 2R*) < r aj 
Now, both (15.8(1 and (15. 9 p imply 

E(r 3 R u y) + < e 0 , \B rjRl , y \ < M. 

Thus, we are in a position to apply Lemma4.2 with R = t 3 R\. This together with 
(E2D gives 

E(T j+1 R u y) < 2rC 0 (l + M 3 )(E(r j R 1 , y) + r aj R “) 
< l -r a E(NR ll y)+ l -T a ^R a l 

(5.10) < 2~ u+1) T a{j+1) E(R 1 , y) + (1 - 2~ u+1) )r aU+1) R °. 

This proves (15.7(1 for j + 1. 

It remains to show ((5.8(1 for j + 1. First, from (15.711 along with (j5.5jl we infer 

(5.11) E(T j Ri,y) < T aj (E(R 1 ,y) + R«) < T aj £l . 


Using triangle inequality and Jensen’s inequality, we find 


\B T i+ 1 R 1 ,y\ < \B r iR 1 ,y\ + 


B 


,y 

-3 i 


B 


U Ri,y 


< \B T j Rl J +2r s E(T J R u y). 


Estimating the hrst member on the right by using (15.811 and the second one by the aid 
of (15. lip together with (15. 3 p and (15.4ft . we obtain 

\B Tj+ i RliV \ <M- 2~ j+1 + 2 r~ 3 T aj e l 

<M- 2~ j+1 + 2~ j = M — 2~ j . 


This completes the proof of (15.8p for j + 1. Whence, the claim. 

From (15.711 we get a constant C\ > 0 such that 

if \B-B r J 4 dx) < C x r a VO < r < —, \/yeB s (x 0 ). 

\J B r (y) J ^ 

Thus, by the well-known equivalence of the Campanato space and the Holder space(see 
e.g. |}3] or Theorem 1.3 of [[II] ) we conclude 

(5.12) B \ w 
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Finally, we shall verify that Bg(x o) C \ E(R). Let y G Bs(x o) be arbitrarily 
chosen. Firstly, notice that sup 0<r<d / 2 \B r> y\ < +oo (see (15. 12)1 ). Secondly, from the 
Cacciopploli-type inequality (13.8p with 0 < r < | and p = £ replacing xq by y therein 
we deduce 

^ J \\7B\ 2 dx 
s r /2(y) 

< c{(l + | B riV \)E(r,y) + E(r,y) 2 ) + cr^ 2 [F\ M 2 ^ K . 

As lim r ^o+ E(r,y) = 0 and A > 1 the right-hand side of the above inequaliy tends to 
zero as r —y 0 + . Hence, y G \ E(R). This completes the proof of the theorem. ■ 

Remark 5.2. By the result of [a Chap. IV, 2.] there holds 

(5.13) n p {E{B)) = 0 V/3>1, 

which implies that E (B) has Hausdorff dimension at most one. We don’t know, how¬ 
ever, whether the one-dimensional Hausdorff measure of E (B) is hnite. 

As a consequence of Theorem 5.1 we get the following partial regularity result for 
the steady Hall-MHD system. 

Theorem 5.3. Let f G LfE D L 2 oc and g G L 2 D for some 1 < A < 2. Let 
(■ u,p,B ) be a weak solution to the Hall-MHD system such that B satisfies the local 
energy inequality (13. 3 p with F = —B x u + g. Then, for E (B) defined by (15. ip we 
have that M 3 \ E (B) is an open set such that B is a-Holder continuous on R 3 \ E (B) 
for any 0 < a < EH. 

Proof Arguing similarly as in the proof of Theorem2.3, from f,g e L L we deduce 
that V = B + to G W] 1 ^ 2 . As B G W 1,2 we see that u> G W^, and hence u G Hq 2 ^ 2 . 
By means of Sobolev’s embedding theorem we find u G . This shows that B x u G 
Lj oc C M^ c . Consequently, F = — B x u + g G Ad loc . The assertion of the theorem 
is now an immediate consequence of Theorem 5.1. ■ 

6 Higher regularity 

In Section 5 we have proved the partial Holder regularity of a suitable weak solution 
(■ u,p,B ) of the Hall-MHD system for f and g being sufficiently regular. The aim of 
the present section is to show that if both / and g are smooth, then ( u,p , B ) is smooth 
in R 3 \ E (B). To prove this we first shall establish a regularity result for the following 
linerized problem. 

Let C R 3 be an open set, and let B G C(f2). We consider the linear system 
(6.1) —A A = —V x ((V x A) x B) + V x F in fl 

We have the following regularity result. 
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Theorem 6.1. Let F G A4 2 /(0) for some 1 < A < 3. Let A G W^’ c 2 (f]) be a weak 
solution to (16.11) . Then 

(6.2) A G C“(f2) with a = — — 

Proof Let xq G 12. Set d = dist(xo, <912). As B is continuous, we get 
M max \B(y)\ < +oo. 

y£ B d/ 2(3=0) 

Let y G By 4 (^ 0 ) be fixed. For the sake of notational simplicity in what follows we use 
the notation 

/ 1 1* \ 1/2 7 

J \VA\ 2 dx) , 0 < i? < -. 

b r(v) 

Furthermore, by osc(/; xo, 2?) we denote the oscillation of a continuous function / over 
B R (x 0 ), which equals the supremum of | f(x) — f(y)\ taken over all x, y G B R (x 0 ). As 
B is continuous we may choose 0 < f?o < | such that 

sup |B — B Ry | < osc (B; x 0 , 2 R) < - VO < R < Rq. 
b r(v) ’ 2 

Next, for 0 < R < Rq let Z G W 1,2 (B R (y)) denote the unique weak solution to 
-A Z = -V x ((V x Z) x B R>y ) 

(6.3) - V x ((V x A) x (B - B Rty )) + V x F in B R (y), 

(6.4) Z = 0 on dB R (y). 


It can be easily checked that 

R 1/2 \\VZ\\ 2iBR{y) < Aosc{B]x 0 ,2R)R 1//2 || VA\\ 2} B R ( y ) + 2i? l ^ 2 \\F'\\ 2 ,B R {y) 
(6.5) < iosc(B;x 0 ,2R)S(R 1 y) + 2R {X - 1)/2 [F} M 2,x !Bd/2{xo) . 

Setting W = A — Z and A = A Ryi it follows that W G W 1,2 (B R (y)) is a weak 
solution to (14.ip in B R (y). Analogeously as Lemma4.1 one shows that get 


( 6 . 6 ) 


J \X7W\ 2 dxY <C 0 t(1 + M 2 )(^ J [VW^dx^j 


BtrIv) 


b r{v) 


for all 0 < r < 1. 

Next, let < (3 < 1 be fixed. Take 0 < r < \ such that 


(6.7) C 0 r 1 - /3 ( 1 + M 2 ) < 
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Thus, using triangle inequality along with (16.5p . (16. 6 p and (16. 7p , we get 


S(rR,y)<(J^ J \VW TR J 2 d x y +t- 1 / 2 R~ 1 / 2 \\VZ\\ 2 , r 

B TR (y) 

< C 0 r(l + M 2 )S(R , y) + (1 + t~ 1 / 2 )R- 1/2 \\ VZ|| 2)fl 

< V S{R , i/) + 4(1 + r“ 1/2 ) osc(B] x 0 ,2R)S(R, y ) + 

where 

(6.8) G 1 = 2(l + r- 1 ' 2 )[F] Aia 

, x < B d /\ 2(3=0) ’ a 2 

Take 0 < < i? 0 such that 4(1 Tr^ 1 / 2 ) osc (B; x 0 , 2R{) < Then from the estimate 

above we deduce 


(6.9) S{rR, y ) < t p S(R, y) + C ± R a V 0 < R < R x 


By using a routine iteration argument, we infer from (16.9p that that 


S^R^y) < S{r k ~ l R\) + C X T ak Rf 

< r fc/3 5(r fc " 2 i?i) + C X T ak (l + r p ~ a + 

1 


+ r 


(/3-a)(fc-l)^« 


< T ka ( 1 + 


1 - rP- a 


Thus, there exists a constant C 2 > 0 such that 

(6.10) S(R,y)<C 2 R a VO <R<^, y e B d/4 (x 0 ). 

By the aid of the Poincare inequality from (16.10|) we obtain 


( 6 . 11 ) 



A — Ar )V 



< cR a 


VO < R < 


4’ 


y G B d/ 4 (x 0 ), 


which leads to the desired Holder regularity of A. m 

We are now in a position to prove the higher regularity for a continuous weak solu¬ 
tion (u,p, B) to the steady Hall-MHD system. More precisely, we have the following 

Theorem 6.2. For f G L e / 5 and g G L 2 let ( u,p,B ) be a weak solution to the steady 
Hall-MHD system. Let hi C M 3 be an open set such that B is continuous in H and 
f,geC k (n) (fc G Nil {0}). Then B,UJ eC k ’ a (d) for alio < a <1. 

Proof First, let us consider the case k = 0. As f,g G L™ c (Ll) by virtue of Theorem 2.3 
and Sobolev’s embedding theorem we get 


(6.12) V G Hq'; c 9 (Q) Vl<g<+oo, V G C£ c (ft) VO < a < 1. 
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2 A 

With help of Sobolev’s embedding theorem we see that — B x u + g G A4 1(X , for all 
0 < A < 3. Hence, from Theorem 6.1 with A = B we immediately get £? G Qoc(^) 
for all 0 < a < 1. As iv = V — B we infer cj G C° oc (iV) and since V ■ u = 0 it follows 
u G Ct*(Q). This completes the proof of the assertion in case k = 0. 

Suppose f,g G C^ c (fl) for some k G N. From the proof above we immediately get 
B, <jj G C'j“ c (Q) for all 0 < a < 1. Now, assume that B, G C'j^ 1,a (Q) D for 

all 0 < a < 1 for some j G {1,..., k — 1}. Let v G N 3 be a multi-index with \v\ — j — 1. 
Define A = D 1 '!? in O. Applying D 1 ' to both sides of (12.2p . we are led to 

-AA = -V x ((V x A)x B) 

V x ((V x D^B) x D u ~^ l B) + V x D U (B x u + g) 

M<7-2,/i<v 

(6.13) = -V x ((V x A) x B) + V x G 


C',“ (0) for all 0 < a < 1. Applying the 


in fl By our assumption, we have G G 

method of differences, we see that A G W^ U ’ Z (Q) for every 0 < 6 < 1. Consequently, 
B G Wl+ () " 2 {Q) for all 0 < 6 < 1. By virtue of Sobolev’s embedding theorem it follows 
that 


(6.14) 


B 6 W*?(n) 


V1 < q < 6. 


This shows that the VxGg L( oc (Q). Therefore, we are able to perform the method 
of difference quotient which yields A G IL)^ 2 (Q). Recalling our assumption, having 
A G C£ c (D) for all 0 < a < 1 by the interpolation inequality due to Kufner and 
Wannebo [13], we obtain A G for all 1 < q < +cxd. This proves that 


(6.15) Be<y 2 (!J) n P| irp»(a). 

l<q<oo 


Repeating the above argument with \v\ = j and A = D V B , we see that A G 
is a weak solution to 

(6.16) —AA = —V x(VxA)xB) + VxG. 

Thanks to (I6.15P we have G G A4j^(f2) for all 0 < A < 3, so that Theorem 6.1 yields 
that A G Cfo c (Q) for all 0 < a < 1, and that implies 

(6.17) B G Ct“(D) VO < a < 1. 

Furthermore, according to our assumption we have V G for all 1 < 

q < Too. Consequently, —V x?i|/lgG for all 1 < q < Too. Hence 

using the Calderon-Zygmund inequality, from (]2.6() we deduce that V G W£?(n) for 
all 1 < q < Too. In particular, —V x u T f T g G (O) for all 1 < q < Too. 
Once, more employing Calderon-Zygmund’s inequality, we find V G W^ l!9 (Q) for all 
1 < q < Too, and with the help of Sobolev’s embedding theoren we get V G C'j(’“(0) 
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for all 0 < a < 1. Finally, recalling uj — V — B in view of (16.15P and (16. 1 7[) . we 
conclude 

( 618 ) f| c/rtsi). 

0<a<l 

The desired regularity now follows from above by induction over j — 0,..., k. 


7 Direct method and compacteness of the singular 
set 


In this section we prove that a suitable weak solution becomes regular outside a suffi¬ 
ciently large ball, which is due to the decay property 


(7.1) 


lim / \B\ 6 dx = 0. 

R —^--t-oo J 

(M>R} 


First let us state an alternative Caccioppoli-type inequality for the system (13.11) . 


Lemma 7.1. Let F e L 2 and let B e W 1,2 be a suitable weak solution to the system 
(13.ID in K 3 . Then for every Ball B r = B r (x o) and 0 < p < r there holds 


i j\VB\ 2 dx 

(7-2) +;||^HU ; 


where c = const > 0 denotes a universal constant. 


Proof This can be easily achieved by estimating the integral J on the right-hand side 
of (13.61) by using Holder’s inequality and Young’s inequality as follows 

J< (r _ C p)2 J \B\ 2 \B — B rXQ \ 2 dx + ^ J ( 2 \VB\ 2 dx 
s FTP (/,' s|6<fa ) 1,3 {£ B ~ B ^ dx ) 2/3 + 5 / c2|vs|2& ' 

B r 


Using the well-known properties of harmonic functions, one easily verifies the fol¬ 
lowing 
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Lemma 7.2. Let W G W 1,3 / 2 (B R / 2 (x 0 )) be harmonic in B R / 2 {x 0 ). Then, there exists 
an absolute constant C 0 such that for all 0 < r < | 

w - ' <C 0 r(-f \W - LL R/2 , Xo | 3 (ix 

/ B r / 2 

Iii what follows, let F G A"! 2 ’'’' for some 1 < A < 3, i.e. 




J M 


2 ,a = sup < r 


|F| 2 dx 


B r (xq) 


Xq G M , 0 < r < 1 > < +oo. 


Clearly 

(7.4) R~ 1/2 \\F\\ 2}BR <loR a V0<i2<l, 

where 

A — 1 


a =-, 

2 ’ 

Furthermore, define 

S(r,x 0 ) = 


E(r 


Ao [F] m ^. 


J \VB\ 2 dx^j ' , 


B r (x o) 


,x 0 )= (-f |B - B rX0 \ 3 dx\ , 

\J B r (x 0 ) / 

M(r, x o) — (-f |-B| 6 dx'') , 0 < r < +oo, x 0 G M 3 . 

\JBr(xo) J 


Fix x 0 G IR 3 and 0 < R < 1. Assume that M(R,x 0 ) < 1. Then, from (j7.2|) with r = R 
and p = f along with (I7.4[) we deduce 

(7.5) S(R/ 2,x 0 ) < c(£(fl,x 0 ) + 70 #*), 


where c > 0 denotes an absolute constant. 

Let a < /3 < 1 be fixed. Take 0 < r < | such that 

(7.6) 2C„r 1 -'><i t0-°< i r“<i 

Let Z G VF 1,3 / 2 (.Br/ 2 (xo)) denote a weak solution to 

(7.7) -A Z = -V x ((V x B) x B) + V x F in B R/2 {x 0 ), 

(7.8) Z = 0 on dB R/2 (x 0 ). 
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By the well-known L p -theory of the Laplace equation we get 

R X || ^ Z h/2,B R/2 (x 0 ) < cR KV X B) X B\\ 3 /2 t B R/2 (xo) + C R 1 11^113/2,6^(3:0) 

(7.9) < cM(R, xq)S(R/2 1 xo) + cyo-Rcu 

Esimating the left hand side from below by using Sobolev-Poincare’s inequality and 
the right hand side from above by the aid of (17.5p . recalling that M(R, x 0 ) < 1, we are 
led to 

(7.10) f-f \Z\ 3 dxY <C 1 (M(R,x 0 )E(R,x 0 )+'y 0 K x ), 

Br/2( x o) J 

where C\ > 1 stands for an absolute constant. 

Next, we ssume that 

(7.11) 3t~ 1 C 1 M{R,x 0 ) <^. 

We note here that (17.lip yields M(R,x 0 ) < 1 and thus (17.51) remains true. We make 
use of triangle inequality, then apply (17.31) (note that W is harmonic). This together 
with (mol) and (JI1) gives 


E(rR, xq) < 


I w-w 


tR,xq I 


3 dx 


B t r(x 0 ) 


1/3 


+ 3t 


-1 


/ 


J E 


b r/2(^0) 


\ 1/3 
Z\ 3 dx j 


< 2 C 0 rE(R, x 0 ) + 3r 1 ( -f 

\Je 


\ i/3 
\Z\ 3 dx j 

b r/ 2 (^ 0 ) / 


< -t /3 E(R, x 0 ) + 3r 1 G 1 M(R,x 0 )E(R, x 0 ) + 3r 1 C 1 y 0 R a , 
and observing (17. lip , we therefore obtain 

(7.12) E(rR, x 0 ) < t^E^R, x 0 ) + C 2 7o 7? q , 
where 

C 2 = 3 r " 1 ^. 

Next, we shall estimate \M(tR, x 0 )\. By using triangle inequality and Sobolev- 
Poincare inequality it follows that 

M(rR,x 0 ) < \B tR}X0 \ + ct~ 1/2 S(R/2,x 0 ) 

< M(R, x 0 ) + ct~ 1 RS(R/2, x 0 ) + 2t~ 1 E(R, x 0 ) 

(7.13) < M(R, x 0 ) + C 3 (E(R, x 0 ) + 7o R a ) 

with a constant C 3 > 0 depending on r only. 

Let 0 < M 0 < 1 such that 


(7.14) 3t~ 1 C\Mq = -j 13 . 
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Let 0 < < 1 chosen so that 


(7.15) 2C 3 (2C 2 T~ a + l) l0 R«<^. 

Since B 6 L 6 , there exists 0 < p 0 < +oo such that 

(7.16) M(R\, xo) + 2C 3 E(R 3 , xq) < (1 + 4C 3 )M(Ri, xo) < —V|xo|>/>o- 

Let x 0 G R n , |x 0 | > Pq. We claim that for every fceNU {0} 

(7.17) E(r k Ri,xo) < t^E^xo) + 2(1 - 2~ k )T^ k ~ l) C 2l 0 R“, 

(7.18) M(r k R u x 0 ) < M(R u x 0 ) + 2(1 - 2~ k )\c 3 E(R l ,x 0 ) + C 3 (2C 2 t-“ + l) 7o fl?}. 

We prove the claim by using induction over fceMU {0}. 

Firstly, note that for k = 0 both (17.1711 and (17.18jl are trivially fulfilled. Assume 
(17.1711 and (17.1811 hold for k G N U {0}. Observing (17. 15j) and (17.1611 . the assumption 
(I7.18P implies 

(7.19) M(T k R u xo) < M 0 . 

By the choice of M 0 (j7.19[) yields (17.1111 for R = r k R\. Lienee from (17.1211 with R = r k R\ 
we infer 

E(T k+1 R u x 0 ) < r^E(T k R 1 ,xo) + C 2lo r ak R^ 

Now, estimating the first term by the assumption (17.1711 taking into account (17.611 , we 
arrive at 

E(r fc+1 Ai,x 0 ) < r^ k+1 ^E(Ri,x 0 ) + 2t /3 -“(1 - 2~ k )r ak C 2 -f 0 R^ + T ak C 2 j 0 R« 

< T^ k+ ^E(R 1: x 0 ) + (2 - 2- k )r ak C 2 ^ 0 Ri 

which results in (17.1711 for k + 1. 

It remains to verify (17.1811 for k + 1. In fact, by means of (17.131) with R = r k R\ 
together with the assumption (17.171) and (17.181) we estimate 

M(r k+1 R 1: x 0 ) 

< M(r k R 1 ,x 0 ) + C 3 (E(r k R 1 ,x 0 )+^r ak R?) 

< M{R u x 0 ) + 2(1 - 2~ k ){c 3 E(R u x 0 ) + C 3 {2C 2 r~ a + l) 7 o R") 

+ C^ k E{R u x 0 ) + 2r^ fe - 1 )C' 270J R? + 7o r Qfc i?“) 

< M(R u x 0 ) + 2(1 - 2~ k )^C 3 E(Ri, xq) + C 3 (2C 2 r~ a + l) 7o i??} 

+ 2- k (C 3 E(R u x 0 ) + C 3 (2C 2 r~ a + 1 ) 7o fl?) 

= M(R u x 0 ) + 2(1 - 2- fc - 1 ){c 3 S(i?i,Xo) + 0 3 (2C 2 r _ “ + l) 7o i??}. 

Whence, (17.181) for k + 1. 

This implies the following 
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Theorem 7.3. Let F £ A4 2,x , 1 < A < 3. Let B £ W 1 ' 2 be a suitable weak solution 
to (13.11) . Then there exists p 0 > 0 such that E(£?) C B po . 

As a consequence of Theorem 7.3 we get 

Corollary 7.4. Let f £ L c ^ 5 C\L 2 and g £ L 2 nL q for some 3 < q < +oo. Let ( u,p , B) 
be a suitable weak solution to the steady Hall-MHD system. Then there exists p 0 > 0 
such that B is Holder contiuous in {x : |x| > p 0 }- In particular, E (B) is a compact 
set of Hausdorff dimension at most one. 

Proof To prove the corollary we only need to verify that —B x u + g £ Ai 2,x for 
some 1 < A < 3. Then the assertion follows immediately from Theorem 7.3 with 
F = -B x u + g £ M 2 ’ x . 

First, using Holder’s inequality, we find ||gi||| s < cR 3 ^ q ~ 2 ^ 9 \\g\\ q for every ball 
B r C M 3 , which implies g £ M 2 ’ 3( ' q ~ 2 ' >/q . Owing to 3 < q < +oo we have 1 < 3(9 ~ 2) < 3. 
Next, as V = B+u> £ L G +L 2 and u £ L 6 , we see that —Vxu+(f+g) £ L 3 / 2 +L 3 +L 2 . 
By Calderon-Zygmund’s inequality it follows that VV £ IT 1,3 / 2 + W 1 ’ 3 + W 1,2 . By 
means of Sobolev’s embedding theorem we get 

IMk-BaOro) ^ l|V r || 3l B2(so) + \\^h,B 2 (x 0 ) 

< c(||u;|| 2 ||w ||6 + ||S|| 6 ||w|| 6 + 11/ + gh) 

for all xo £ M 3 , with an absolute constant c>0. As V ■ rt = 0, we obtain 

||«||io I B 1 ( a! o) < c(|M| 6 (1 + ||w ||2 + ||-B|| 6 ) + c\\f + g\\ 2 Vx 0 £ M 3 . 

Accordingly, B x u £ A4 2,7 ^ 5 . This completes the proof of the corollary. ■ 
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